We study the thermodynamic phase transition in the rainbow Schwarzschild black hole where the metric depends on the energy of the test particle. Identifying the black hole temperature with the energy from the modified dispersion relation, we obtain the modified entropy and thermodynamic energy along with the modified local temperature in the cavity to provide well defined black hole states. It is found that apart from the conventional critical temperature related to HawkingPage phase transition there appears an additional critical temperature which is of relevance to the existence of a locally stable tiny black hole; however, the off-shell free energy tells us that this black hole should eventually tunnel into the stable large black hole. Finally, we discuss the reason why the temperature near the horizon is finite in the rainbow black hole by employing the running gravitational coupling constant, whereas it is divergent near the horizon in the ordinary Schwarzschild black hole.
I. INTRODUCTION
There has been much attention to modified dispersion relations (MDR) which are associated with the energy of test particle in gravity's rainbow. Since they have given not only experimental explanation for the threshold anomalies in ultra high cosmic rays and Tev photons [1] [2] [3] [4] [5] [6] [7] [8] but also have appeared theoretically in the semi-classical limit of loop quantum gravity [9] [10] [11] [12] [13] , the rainbow gravity has been extensively studied in order to explore various aspects of black holes and cosmology .
While the ordering uncertainty principle has been promoted to the generalized uncertainty principle in the quantum regime [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] , the MDR has been essentially based on the deformation of relativity called the doubly special relativity [45] [46] [47] [48] [49] [50] which is the extended version of Einstein's special relativity in that the Plank length is also required to be invariant under any inertial frames apart from the invariant speed of light. However, it has been claimed that in this framework a nonlinear Lorentz transformation in the momentum space is needed to keep the double invariant constants accompanying a deformed Lorentz symmetry, so that the ordinary dispersion relation should be modified by the nonlinear Lorentz transformation. On the other hand, instead of this non-linear realization of Lorentz transformation, Magueijo and Smolin [51] proposed that the spacetime background felt by a test particle would depend on its energy such that the energy of the test particle deforms the background geometry and consequently the dispersion relation.
In particular, there have been extensive studies for black hole temperature in rainbow black holes in connection with black hole thermodynamics [28] [29] [30] [31] [32] [33] . In fact, the black hole temperature can be easily determined from the MDR and the uncertainty relation once the spacial uncertainty is identified with the size of the black hole [39] . Explicitly, from the uncertainty relation one can relate the particle momentum with the black hole mass by identifying the position uncertainty with the black hole horizon, and then obtain the black hole temperature from the particle energy which is associated with the momentum through the dispersion relation. On the other hand, it could also be defined straightforwardly by the surface gravity in such as the metric of the rainbow black hole, where it would naturally depend on the energy of the test particle [29] . Note that the latter temperature from the surface gravity should be consistent with the former one using the MDR and Heisenberg uncertainty relation. Recently, the thermodynamic quantities were calculated in the rainbow Schwarzschild black hole with a particular choice of rainbow functions and corresponding thermodynamics was studied in Ref. [33] . However, the energy was directly regarded as the black hole temperature by invoking the ordinary dispersion relation rather than the MDR in the rainbow gravity.
In this work, we would like to reconsider this issue and calculate the black hole temperature from the definition of the surface gravity in the rainbow Schwarzschild black hole and then the energy dependence of the temperature will be eliminated by employing both the MDR and the uncertainty relation. This procedure consistently determines the black hole temperature and gives rise to a certain different temperature from the previous one in Ref. [33] . So it would be interesting to study the thermodynamic quantities of entropy and heat capacity according to this newly defined black hole temperature. Furthermore, we shall investigate thermodynamic phase transition of the rainbow Schwarzschild black hole in order to find out how much the rainbow effect of the metric changes the ordinary phase transition in black hole thermodynamics.
In section II, the black hole temperature for the rainbow Schwarzschild black hole will be calculated following the definition of the standard surface gravity, and then the energy dependence of the test particle in the rainbow metric will be rephrased by the use of two elements of the MDR and the Heisenberg uncertainty principle. In section III, from the first law of thermodynamics, the entropy is derived and then local thermodynamic quantities including the thermodynamic energy and heat capacity in the cavity will be presented along the line of local thermodynamic approach in Ref. [52] . In section IV, we shall obtain the on-shell free energy and the off-shell free energy for the rainbow black hole and study phase transition between various black hole states and the hot flat space. It will be shown that there exist two kinds of critical temperatures in contrast to the case of the ordinary Schwarzschild black hole. A similar behavior appeared in the exactly soluble quantized Schwarzschild black hole [53] . Apart from the conventional critical temperature called the Hawking-Page phase transition [54] [55] [56] , there appears an additional critical temperature which has something to do with the existence of a locally stable tiny black hole; however, the off-shell free energy shows that it should eventually tunnel into the stable large black hole. Finally, conclusion and discussion will be given in section V.
II. BLACK HOLE TEMPERATURE
We are going to define the black hole temperature by employing the definition from the surface gravity of the rainbow metric; however, it depends on the energy of a test particle.
So the main purpose in this section is to show how to consistently eliminate the energy dependence from the temperature. Let us start with the MDR given in Ref. [51] ,
where ω, p, m are the energy, momentum, mass of a test particle, respectively, and the Planck energy is denoted by ω p . The functions of f (ω/ω p ), g(ω/ω p ) are so called the rainbow functions which will be determined depending on the specific models, where they should be reduced to lim ω→0 f (ω/ω p ) = 1 and lim ω→0 g(ω/ω p ) = 1 in the absence of the test particles.
On the other hand, one of the interesting MDRs [57, 58] could be found in the high-energy regime as
where η is a positive free parameter and n is assumed to be positive integer. Comparing Eq.
(1) with Eq. (2), one can determine the specific rainbow functions as [33] ,
Next, let us consider the rainbow Schwarzschild black hole described as [51] 
then the Hawking temperature T H is calculated as
where κ H is the surface gravity at the horizon. By the use of the explicit form of rainbow functions (3), the black hole temperature can be written as
In order to eliminate the energy dependence of the black temperature, one can use the Heisenberg uncertainty principle of ∆x∆p ≈ 1, which yields a relation between the momentum p and black hole mass M [39]
where ∆x = 2GM. Identifying this momentum as the particle energy such as ω = p for a massless particle, the black hole temperature was obtained as [33] T
where the black hole mass has a lower bound as M = η 1/n /(2Gω p ). However, the above derivation is essentially based on the ordinary dispersion relation corresponding
Instead of the ordinary dispersion relation, we have to use the MDR in Eq. (1) since the Hawking temperature (6) was derived from the rainbow metric (4) subject to the MDR.
Unfortunately, it is non-trivial to solve the MDR for a general n in the given rainbow functions (3), so that we would like to take n = 2 for simplicity. Then, the energy is easily solved for the massless particle as
Plugging the relation (9) into the temperature (6) for n = 2, one can get
with G = 1/ω 2 p . Note that for the case of highly massive black holes or in the absence of the rainbow effect implemented by η = 0, the temperature (10) is reduced to the ordinary Hawking temperature. The most interesting thing to distinguish from the previous results in Ref. [33] is that the temperature (10) subject to the MDR has a massless limit rather than the remnant whose mass would be M rem = √ η/(2 √ G) for n = 2 as seen from the temperature (8) . Note that although the massless limit is allowed in our calculations, there still exists the lower bound of the energy as ω = ω p / √ η as seen from Eq. (9). Thus, for M → 0, the temperature (10) becomes finite while it is divergent in the ordinary Schwarzschild black hole. It implies that the divergent ordinary temperature could be regularized in the regime of the rainbow gravity so that the parameter η plays a role of the cutoff and it becomes finite as T H = 1/(4π √ Gη) where it is still divergent if the cutoff is removed as η → 0. The finite behavior would be better than the divergent one, but we will discuss whether the vanishing temperature can be realized in this rainbow Schwarzschild black hole or not in the last section.
III. THERMODYNAMIC QUANTITIES
In this section, we calculate thermodynamic quantities in the rainbow Schwarzschild black hole (4) characterized by the rainbow functions (3) fixed as n = 2 for exact solubility. For this purpose, the first law of black hole thermodynamics is required to obtain the black hole entropy, and then the local temperature for hot black holes in a cavity [59] will be derived in order for the local thermodynamic energy and heat capacity. The local thermodynamic analysis given by York [52] presents a well-defined thermodynamic partition function which has something to do with the existence of the large stable black hole.
From the first law of black hole thermodynamics of dS = dM/T , the entropy associated with the temperature (10) can be obtained as
The local temperature (a) and heat capacity (b) are plotted for η = 1, r = 10, and G = 1.
They show that the temperature have two extrema at M 1 and M 2 , respectively in Fig. (a) , and the stability changes appear at those extrema in Fig (b) . The maximum mass of the black hole is
For η = 0, the entropy (11) respects one-quarter of area law of S = A/4, where A is the area of the black hole. The next leading order of correction to the area law is the logarithmic term as S ≈ A/4 + ηπ/2 ln(A/4), which is reminiscent of quantum correction to the entropy [60] [61] [62] [63] [64] . In some sense, it is interesting to note that the rainbow metric plays a role of the quantum corrected metric. Now, the local temperature T loc calculated at a finite distance r outside the black hole is defined as [59] ,
where it is implemented by the redshift factor of the metric. For a given r, the local temperature (12) is divergent as seen from Fig. 1(a) when the black hole size approaches M 3 where r = 2GM 3 since the black hole is very hot near the horizon, whereas it is finite as T 1 = 1/(4π √ Gη) for M = 0 as was discussed in the previous section. As for the black hole states, there are two extrema: one is the local minimum of T 0 at M = M 2 and the other is the local maximum of T 2 at M = M 1 . Note that there are two black hole states for T 0 < T < T 1 and three black hole states for T 1 < T < T 2 , while there appears just one black hole state for T > T 2 . The details will be studied in the next section together with analysis of the free energy.
Let us calculate the local thermodynamic energy E tot by employing the local thermodynamic first law, which yields
where we used the entropy (11) and the temperature (12) . It happens to be the same with conventional expression which is independent of the energy of test particles since the choice of rainbow functions (3) shows f = 1 so that the time-like Killing vector is the same with the ordinary one. To investigate thermodynamic stability of the black hole, we calculate the heat capacity defined as C = ∂E tot /∂T loc , and explicitly it reads
For convenience's sake, let us define the black hole states depending on its mass scale as tiny, small, and large lack hole satisfying M < M 1 , M 1 < M < M 2 , and M 2 < M < M 3 , respectively. As seen from Fig.1(b) , there are two stable regions of M < M 1 and M 2 < M < M 3 , while there is only one unstable region of M 1 < M < M 2 , and thus the tiny and large black hole are stable and the small black hole is unstable. Note that there was no stable tiny black hole in the ordinary Schwarzschild black hole [52] . What needs to be answered is that whether these locally stable states would undergo tunneling or not by investigating the free energy, which is studied in the next section.
IV. FREE ENERGY AND PHASE TRANSITION
In this section, we first calculate the on-shell free energy defined as F on = E tot − T loc S in the rainbow Schwarzschild black hole in order to study thermodynamic phase transition [52-54, 60, 64] . As is well known in the ordinary Schwarzschild black hole, the hot flat space is more probable than the large stable black hole below T c , while the large stable black hole is more probable than the hot flat space above T c . Moreover, the on-shell free energy of the unstable small back hole of M < M 2 is always positive as seen from Fig. 2(a) , so that the small black hole should decay into the hot flat space as long as T > T 0 . In the rainbow Schwarzschild black hole, the on-shell free energy is also calculated by the use of
The off-shell free energy subject to a temperature is plotted by setting η = 1, r = 10, and G = 1, and it is expressed by a solid curve. The dotted curve is for the on-shell free energy which corresponds to the extrema of off-shell free energy. In Fig. (b) , the two small boxes are presented in order to explicitly show the off-shell free energy around the second critical temperature T
c .
the temperature (12) and the thermodynamic energy (13), which is explicitly written as
where it recovers the on-shell free energy of the Schwarzschild black hole for η = 0 as expected. And, the on-shell free energy of the hot flat space vanishes since E tot = S = 0 for M = 0 for any arbitrary temperature, i.e., F hfs on = 0. Now, let us discuss mainly three regions in Fig. 2(b) . (i) For T 0 < T < T 1 , the behavior of the free energy is analogous to the conventional one as shown in Fig. 2(a) , so that the first critical temperature T c , the hot flat space collapses to form a tiny black hole of M < M 1 which is stable as was shown from the positive heat capacity in Fig. 1(b) . (iii) For T (2) c < T < T 2 , the hot flat space would collapse to the small black hole of M 1 < M < M 2 . As shown in Fig. 2(b) , the temperature for the tiny and small black holes should be terminated at T 2 , and only the stable large black hole exists above T > T 2 . From (ii) and (iii), the on-shell free energy of the tiny black hole is still higher than that of the large black hole, so that the tiny black hole undergoes a tunneling and eventually decays into the large black hole. This tunneling effect can be easily understood in terms of the following off-shell free energy.
By using the entropy (11) and the energy (13) with an arbitrary temperature, the off-shell free energy defined as F off = E tot − T S can be plotted in Fig. 3 (a) and (b) . In Fig. 3 (a) , the overall behaviors of the off-shell free energy are coincident with those of the ordinary Schwarzschild black hole in Ref. [52] and those in the anti-de Sitter Schwarzschild black hole in Ref. [54] as long as T 0 < T < T 1 in that the large black hole tunnels into the hot flat space. However, as the temperature is increased, there appears a tiny black hole above T 1 and it decays into the large black hole across the potential barrier with the tunneling probability given as the difference between the free energy of the unstable small black hole and that of the tiny black hole. Note that the difference between the small and tiny free energies are always positive, since the free energy of the small black hole is always higher than that of the tiny black hole even although the free energy of the small black hole is positive in the upper box while it is negative in the lower box depending on the temperature as shown in Fig. 3 (b) .
V. DISCUSSION
We have calculated local thermodynamic quantities in the rainbow Schwarzschild black hole subject to the MDR and study its phase transition in terms of investigating the on-shell and off-shell free energies. First of all, the momentum of the emitted particle from the black hole was expressed by the black hole mass based on the Heisenberg uncertainty principle and then the temperature was derived by employing the nontrivial dispersion relation between the energy and the momentum characterized by the specific MDR. According to this modified black hole temperature, we considered the on-shell free energy and the off-shell free energy of the black hole in the finite size by introducing the isothermal surface of the cavity. In contrast to the conventional Schwarzschild black hole, it was shown that there exists an additional stable tiny black hole together with the conventional black hole states above T 1 .
Apart from the well-known critical temperature in Hawking-Page phase transition, there exists an additional critical temperature which is of relevance to the existence of a locally stable tiny black hole; however, the off-shell free energy shows that it should eventually tunnel into the stable large black hole with the finite transition probability since this tiny black hole is just locally stable.
The temperature in the rainbow Schwarzschild black hole with the rainbow functions (3) becomes finite when the black hole evaporates completely, whereas it was divergent in the ordinary Schwarzschild black hole. The reason for this finiteness of the temperature is related to the fact that the Newton constant is running as G(ω) = G/g(ω) [51] , which can be read off from the rainbow metric (4). In our case, it can be explicitly expressed as G(M) = 
